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Abstract. Success of visual tracking typically relies on the ability to

process visual information suciently fast. Often a dynamic system model
of target motion is used to estimate the target location within the image
and a region of interest (ROI) is used to reduce the amount of image
data processing. This has proven e ective, provided the ROI is suciently large to detect the target and suciently small to be processed
quick enough. Here we formally consider the size of the ROI and the
resolution of the ROI to ensure that tracking is stable. Dynamic system formulation of visual tracking usually requires speci cation of the
dynamics of the target. We analyze motions which can be described by
linear time-invariant dynamical systems (although the image motion may
be highly non-linear). One can successfully analyze the required ROI size
and resolution to ensure stable tracking.

1 Motivation
Planning and modeling of sensor utilization in intelligent systems typically covers
topics such as how to fuse multiple sensor inputs, or how to utilize a particular
sensor for a task such as navigation or map building. For visual control of motion,
sensor planning typically involves determining which algorithms to use to process
the visual data. A key competency required in order to use vision for motion
control (grasping or manipulation) is to be able to locate and track a target.
Conventional visual servo control requires continuous tracking of a target, at
great computational expense. We are looking to relax the continuous tracking
requirement.
Previous systems that use vision for control of manipulation or navigation
typically must track the object of interest. Processing closely sampled images enables the use of temporal coherence to facilitate tracking. For advanced systems,
the ability to simultaneously track multiple objects (such as a driver moving his
eyes to objects/points on either side of the road) either forces the use of multiple visual sensors or one must relax the temporal coherence requirement. We
are looking to do the later. The rst step towards this is to be able to understand the relationship between the target dynamics, system and measurement
noise, and time delay and their impact on successful tracking. This chapter develops a tracking model, based on traditional Kalman lter tracking systems,
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that can successfully track given non- xed time delays between measurements.
Initially we assume that the delay is based on computation time (although the
delay could be due to other reasons such as \time sharing" the sensor between
two or more targets). If there is noise in the system model (as there will be
in any practical system), as delay time increases, the positional uncertainty of
the target will also increase. The region in the image that must be searched to
ensure successful tracking will also increase (thus more computation is required
to process the data), and we have a negative feedback system - tracking could
become unstable (or e ectively non-observable as the delay between observations
grows). This chapter presents an algorithm to actively control the resolution of
the processed image window to avoid this growth in computation time. While
the idea of using variable sized search windows has been used before, we develop
the underlying relationships between the system parameters and the required
window size and resolution. We show via a simulation and a simple system how
active control of the resolution of the image data processed can lead to stable
tracking.

2 Background on Visual Tracking
Visual tracking, that is, extracting geometric information of the motion of one
or many objects, is a central problem in vision-based control and there has
been considerable e ort to produce real-time algorithms for tracking moving
objects. Typically tracking seeks to determine the image position of a target as
the target moves through the camera's eld of view. Successive image frames
(usually taken at closely spaced intervals) are processed to locate the features
or target region. Diculties in target recognition arise due to the variation in
images from illumination, full or partial occlusion of the target, e ects of pose on
the projected image. Given that the target can be recognized, tracking diculties
arise due to noise (modeling uncertainty) and the time delay required to process
the image data.
Visual control systems must take into account the delays associated with the
visual computation. Tracking stability can only be achieved if the sensing delays
are suciently small, or, if the dynamical model is suciently accurate. Various
approaches have been taken to compensate for the delay of the visual system
in visual servo control. Many the tracking systems use dynamic models of target motion, and use the Kalman-Bucy lter for improved tracking performance
(see e.g. [4, 12, 16, 17, 22]). Successful visual tracking for servo control has been
achieved by balancing the trade o between the accuracy of the sensing and the
visual data processing time. Roberts et al [20] show that for systems for which
the dynamical model is known with suciently accuracy, the search area (window size or resolution) can be kept small enough such that the processing time is
suciently small for accurate tracking. Clark & Ferrier [3, 6] utilize feed-forward
compensation for the processing delay. The dynamical model must be known
with sucient accuracy to produce stable tracking. Schnackertz & Grupen [21]
also utilize a feed-forward term. Similar feed-forward, or predictive, techniques
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are employed in visual tracking techniques which incorporate the computation
delay (expressed as the number of frames `dropped' during the compute cycle)
within the dynamical model to predict the tracker motion [2]. Nelson et. al. [15]
assume commensurate delays and model the delay d within the system model
and a new control law is developed to account for this delay. One feature uniform
to these methods is that, after estimating the approximate image location of the
feature, a region of the image must be searched in the next frame to locate the
target (either to match the model for wire frame and/or solid models, or locate
the image feature point(s), etc.). Given the uncertainty of the estimated position (the covariance), the size of the search window can be modi ed to reduce
computation time. For suciently small delays, tracking is successful, however
none of these systems have quantitatively analyzed the bounds on the accuracy
of the performance, the computational delay and the system noise.
Assuming a recursive estimation scheme for tracking, this paper demonstrates
that even for simple linear dynamic models, the tracking system can become
e ectively unobservable for particular dynamics, noise models, or processing algorithms. As the size of the search window grows, the measurement sample time
increases. This time delay can cause the tracking system to become unstable.
Olivier [18] develops some mathematical underpinnings for this analysis, however
his work is primarily restricted to scalar stochastic systems.
In this paper we concentrate on the ability of Kalman-Bucy lter based
tracking systems to successful track objects using a search window based algorithm. We will show that for search window based tracking: 1) If computation
time is proportional to the estimated covariance then the sequence of measurement times (t1 ; t2 ; : : : ; tk ; : : :) can diverge (becomes unstable), and 2) variable
resolution can be used to stabilize the tracking (bound the time delay). The dynamic system analysis for tracking commonly used is presented in section 3. We
analyze search window based methods giving analytic and experiment results
demonstrating our claim.

3 Dynamics System Formulation of Tracking
The ability to describe, or estimate, the motion of the object with respect to the
camera enables the tracking system to restrict the search to a local region centered on the estimated position. Point based methods typically assume closely
spaced image sequences in order to use correlation methods (and often dynamics
are not used under the assumption that the images are closely enough spaced
that the point motion is Brownian, so the search window is centered on the current location). The motion of the points, lines or region is typically described
using a stochastic dynamic system model. The state, x(t), depends on the representation used. For example, for point based tracking x may be a vector of
point coordinates, while for b-spline based tracking x may be a vector of control
points, and for region based tracking x may be a vector of coordinates of the
centroid of the region.
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For continuous linear systems we describe the evolution of the state with the
equation
dx(t) = A(t)x(t)dt + , (t)dwt ; t  to
(1)
where the state x(t) is an n-vector, A is an n  n continuous matrix time function,
, is an n  r continuous matrix time function, wt is a r-vector Brownian motion
process with expected value E [dwt dwtT ] = Q(t)dt. At time instants tk discrete
linear measurements are taken:
y(tk ) = C (tk )xk + vk ; k = 1; 2; : : : ; tk+1 > tk  to
(2)
where yk is the m-vector observation and C is an m  n nonrandom bounded matrix function. vt is a m-vector white, Gaussian sequence, vk  N (0; Rk ) , Rk > 0.
The initial state is assumed to be a Gaussian random variable, xto  N (xto ; Pto ).
The random variables xto , vk and wt are assumed independent. The covariance
of the state is given by P (t) = E [(x(t) , x (t))(x(t) , x (t))T ]. The actual (true)
state is denoted x (t). Here we are using a continuous-discrete system. The system (motion of an object) is a continuous process, whereas measurements are
taken at discrete times. Jazwinski [13] points out that analysis of the continuouscontinuous system and the continuous-discrete system are essentially equivalent.
Under these assumptions, estimation is often performed using the KalmanBucy lter (see e.g. [4, 12, 16, 22]). Under the assumed statistical assumptions,
the Kalman-Bucy lter provides a state estimate that is an optimal trade-o
between the extrapolated state under the system dynamical model and the measured state.
Most tracking systems assume equally spaced measurements. Here we do
not make that assumption in order to evaluate the e ect of the search size
on the tracking performance. Measurements are taken at discrete instances
(t1 ; t2 ; : : : tk ; tk+1 ; : : :). The time of the measurements e ects tracking stability. Previous work has considered the optimal measurement schedule where the
growth of the covariance is used to determine when to take measurements [14].
Due to the time taken for the processing of image data, the problem with visual
tracking is not one of determining how long to wait before taking a measurement,
but determining how to measure often enough to ensure stability. Here we assume
one nishes processing previous measurements before taking the next measurement. If the time between measurements jtk+1 , tk j grows, then tracking fails
(we call this situation unstable tracking).
For linear time invariant systems, the estimate of the state can be found from
the state transition matrix on the interval [tk ; tk+1 ],
x^(tk+1 ) = (tk+1 ; tk )x(tk ) = eA(tk+1 ,tk ) x^(tk )
(3)
and the covariance is determined (before measurement) from the Lyapanov equation 1 :
P (t,k+1 ) = eA(tk+1 ,tk ) P (t+k )eAT (tk+1 ,tk ) + Q(tk+1 ; tk )
(4)
1 We adopt the notation P (t, ) to denote the covariance at time t prior to any meak
surement. In other notation this may be denoted P (tk jtk,1 ) and P (t+k ) denoted
P (tk jtk )
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where
and

,

P (t+k ) = P ,1 (t,k ) + C T (tk )Rk,1 C (tk ) ,1

Q(tk+1 ; tk ) =

Z tk+1

tk

(5)

eA(tk+1 , )Q( )eAT (tk+1 , )d

is the integrated noise over the interval (tk ; tk+1 ). The covariance immediately
before a measurement at time tk+1 is given by:

,

P (t,k+1 ) = eA(tk+1 ,tk ) P ,1 (t,k ) + C T (tk )Rk,1 C (tk ) ,1 eAT (tk+1 ,tk ) +Q(tk+1 ; tk )

(6)
We will utilize this expression later in determining the computational delay
for tracking. The ability to determine the growth of the covariance requires
solving this Riccati-equation. For certain cases the non-linear coupled di erential
equations in the elements of P can be solved (see e.g. Gelb [10], chapter 4,
example 1 presents four methods to solve the Riccati equation for a secondorder integrator with no system noise).

4 Computation Time and Covariance
In this section we explore the relationship between the covariance and the computation time.
Suppose the location of a target is a pixel location within a frame (e.g. point
coordinate or centroid of a region). If the entire image frame is searched, the
computation time is a function of image size. Often one utilizes a model of
object motion then a search window or region of interest (ROI) can be centered
on the predicted target location. The covariance of the estimated target location
can be used to determine the size of the search window. Although there have
been suggestions to utilize the covariance to determine ROI size [2], in practice
the ROI is a xed size or a limited set of sizes [19, 20]). If the ROI is chosen to
be proportional to the covariance (typically a 2 or 3 window size) then under
the assumed Gaussian noise models, with high probability the target should
be located within the given ROI. If we let the ROI size vary then the size of
the ROI a ects the processing time. If the algorithm must \visit" each pixel a
certain number of times (assumed at least once), then the processing time is
proportional to the ROI size:

tk+1 = tk + kP (t,k )k
where the size of the covariance, denoted kP (t,k )k, represents the number of

pixels to be processed. If the ROI size (and hence the covariance) grows, so
does the processing time and hence the system can become unstable. Figure 1
graphically depicts this idea. The solid line represents the covariance in a target
position before a measurement has been taken. The size of this region determines
the amount of data to be processed and hence e ects the time of the next possible
measurement. The dashed ellipse represents the uncertainty in a target position
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Fig. 1. Graphic representation of growth
in covariance. The solid line represents the
,

covariance before a measurement, P (tk ). The dashed line represents the covariance
after the measurement has been processed, P (t+k ). The time between measurements
depends on the size of the covariance. (a) The covariance shown here increases in size
and so the time delay tk+1 , tk increases. This tracking becomes e ectively unobservable. (b) In this instance, the covariance decreases in size to a xed size and so the
time delay tk+1 , tk converges to a xed interval.

after a measurement has been taken. The size of this ellipse grows over the time
interval before the next measurement can be taken.
If the covariance is expressed with respect to image coordinates (for image
based systems) then the covariance can be used to describe an ellipsoidal uncertainty region. For example a 2 ellipse centered about (^x; y^) is given by:




(x; y) j [x , x^; y , y^] P ,1 x , x^





y , y^  2

In order to ensure that the target is found, the entire ellipse must be searched.
The exact elliptical region could be searched, for example, fast region lling
algorithms from computer graphics [8, 11] can be adapted to extract the elliptical
region from the image. Alternatively, a bounding rectangle of the uncertainty
region can be used. Based on current technology with linear scanning of CCDs
images using frame-grabbers, the latter is often used. The major and minor axes
of the ellipse are determined by the eigenvalues of the covariance matrix and
the desired search scale (2). For an ellipse with major/minor axis lengths of
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Fig. 2. The bounding rectangles (aligned with the image coordinate frame). In (a) the
ellipse is optimally aligned with the image axes. In (b) the worst case alignment occurs
with the ellipse rotated 450

a and b, in the worst case, the bounding rectangle will have area 2(a2 + b2 ).

The bounding rectangle in the the optimal case (the major and minor axes are
aligned with the image CCD/frame-grabber axes) has area 4ab (and note that
the ellipse has area ab). The major and minor axes of the ellipse are given by
the maximum and minimum eigenvalues of the covariance. For a  search region
the area of the bounding box for the elliptical ROI is given by
,

4(max )(min )  Area(ROI )  2 2max + 2min



where  denotes the eigenvalues of P . Thus we can obtain bounds for the \sizeof" operator, kP (t,k )k, and hence on the computational delay. In general the
axes of the uncertainty ellipse will not be aligned with the axes of the image
(the lower bound).

5 Covariance Growth and Resolution Control
Tracking with a variable sized ROI will succeed or fail based on the size of the
ROI and the computation performed on the ROI. Here the ROI size depends on
the growth of the covariance P (t,k ). P evolves according to the Riccati equation
given in equation (6). We noted earlier that the growth of the covariance depends
on the dynamics, A, the time interval (tk+1 , tk ), and the noise models and that
solving the Riccati equation analytically can only be performed in special cases.
We note that the measurement resolution, R, will be determined by the chosen search procedure (algorithm). Centroids can be located to sub-pixel accuracy,
thus R will typically be on the order of a pixel squared. This accuracy is not unrealistic for window search approaches. For SSD tracking [1, 19] give estimates
for the uncertainty of the computed target position.
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If the covariance is too large, one can decrease the resolution of the processing within the image by sub-sampling the ROI or using image pyramid algorithms [15, 23]. Modifying the resolution of the processing will decrease the
accuracy of the measurement but it will also decrease the time delay. A scalar
system analysis (from Olivier [18]) is summarized in the appendix. Below we
consider a simple dynamical system. We will demonstrate the growth of the
covariance for this simple dynamical system and show how modi cation of the
measurement resolution can lead to stable tracking, at the expense of the accuracy of the target estimate. While others (e.g. Nelson [15]) have used multiscale approaches, no analysis was given to appropriately determine the correct
resolution or window-size. In these works the window-size and resolution were
determined a priori and thus were xed parameters in the system. Only targets
with particular dynamics or noise models would be track-able with xed window
and resolution sizes. Here we show that procedures that control (modify) resolution can indeed stabilize the tracking system. The intuition in previous tracking
systems with multi-resolution searches can be formalized by considering both
the covariance size and the resolution of search.
If the ROI is sub-sampled then the measurement resolution R is inversely
proportional to this sub-sampling factor. As mentioned above many window
based routines can achieve sub-pixel accuracy. The resolution will grow with
the sub-sampling factor. In the scalar case (see appendix), one can explicitly
derive the relationship between the resolution factor, the time delay and the
system dynamics. For higher dimensions close-formed analysis requires solution
of equation (6), hence we analyze some simple cases, then resort to simulation
and experimentation to demonstrate the utility of resolution control.

5.1 Tracking with Simple Linear Dynamics

To demonstrate the potential instability in tracking and subsequent improvement with resolution control we consider a simple system with constant velocity
motion. We analyze a rst order integrator with measurement of the position
(which is a frequently encountered

system in tracking). The continuous-discrete
linear system has state xT = ; _ , and the state dynamics is given by


 
0
1
x_ = 0 0 x + w0
(7)
where w  N [0; q] is the system noise and the discrete measurement process is


y(tk ) = 1 0 x(tk ) + vk ; vk  N [0; r] tk 2 [to ; t1 ; : : :] where ti+1 > ti
The transition matrix for the system matrix given above is

 

eA(tk+1 ,tk ) = 10 (tk+11, tk ) = 10 1k
where k = (tk+1 , tk ), and
 1 
T
,
1
C R C = r0k 00 :
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The covariances immediately before measurements at times tk and tk+1 are denoted

,
,   p11 p12 
p
11 (tk ) p12 (tk )
,
P (tk ) = , p (t, ) = ,k p k
22

and

k

22k


,
,   p11 p12 
p
11 (tk+1 ) p12 (tk+1 )
,
k+1
k+1 :
P (tk+1 ) =
, p (t, ) = , p
22

k+1

22k

+1

With this system equation (5) becomes


P (t+k ) = p 1+ r rk p,11k p (p rk+p12rk ) , p2
22k
11k
k
11k
k
12k

Using equation (6) and the notation above we solve for P (t,k+1 ) and obtain three
non-linear di erence equations:
,

p11k+1 = p 1+ r rk p11k + 2k rk p12k + k2 (p22k (p11k + rk ) , p212k ) + q11k
11k
k
,
,

1
p12k+1 = p + r rk p12k + k p22k (p11k + rk ) , p212k + q12k
(8)
11k
k
,

p22k+1 = p 1+ r p22k (p11k + rk ) , p212k + q22k
11k
k
where

1 3

Z tk+1 
1 2
2
(
t

q

q
k
+1 ,  ) (tk+1 ,  )
k
k
3
2
Q(tk+1 ; tk ) =
q( )d = ,  q
(tk+1 ,  )
1
k
tk
for constant system noise dw2 = q( ) = q. Note that the evolution of the covariance depends on the initial conditions P (0), the time delay k , the noise
covariances qij and r. The dynamics enter via the state transition matrix. The
initial speed and/or position do not enter into the above equations.
To reduce the number of subscripts, we will write ak = p11k , bk = p12k , and
ck = p22k in the following.

5.2 Variable Time and Fixed Resolution Tracking
Here we consider search methods which search at a xed resolution within the
ROI. The size of the ROI is assumed to be proportional to the target positional
uncertaintyp(i.e. k is a function of the size of p11 , rk is constant). We take
k = 4  p11 . The positional covariance is obtained from the 11 element of
the covariance matrix, p11 = p 2 . To search at a pxed resolution within
a 2-p
region of the estimated position we must process 4 p11 pixels. Thus 4pp11 is the
2 Note that p22 represents the velocity variance, and p12 is the covariance term be-

tween position and velocity. The search window depends only on the current value
of the positional uncertainty p11 . The other terms will a ect the growth of this term,
however in determining the search window only the value of p11 is considered.
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number of pixels to be processed and is the processing time per pixel giving a
time delay due to computation of k .
The di erence equations (equations (8)) for this time delay become


ak+1 = a 1+ r rak + 2 a1k=2 rbk + 2 ak (ck (ak + r) , b2k ) + q11k
k


bk+1 = a 1+ r (rbk + a1k=2 (ck (ak + r) , b2k ) + q12k
k
,

ck+1 = a 1+ r ck (ak + r) , b2k + q22k
k
We solve these numerically. Figure 3 uses default values of ao = 25 (i.e.
initial uncertainty in object position is 25 pixels squared), and bo = 0, co = 4,
r = 1pixel2 , q = 1(pixel=s)2 and = 0:01s=pixel. These plots show that for
various combinations of parameters, the time delay, k , can increase with k (and
hence the tracking system fails). In gure 3(b) the values of are varied. For
> 0:127, the time delay diverges (and hence only the rst few measurements
for = 0:13 were plotted). The interaction of the various parameters is dicult
to observe. From Figure 3 one may be led to believe that, say, increasing the
system noise cannot cause the system to fail. In Figure 4 the same parameters
are used except that is increased from = 0:01 second/pixel to = 0:025
second/pixel. The system diverges for much smaller system noise values. (In
gure 3(d), had we increased q suciently, the time delay diverges).

5.3 Fixed Time Delay with Resolution Control

A more typical case assumes a xed delay (typically a multiple of the camera
frame rate). In order to have a xed delay, the covariance must be kept small
or, as we demonstrate here, the resolution must be adjusted.
Using the same notation as above, k is constant but rk depends on the size of
p11 . If we take to be the processing time per pixel, and k =  is the processing
time, then =p is the number of pixels that can be processed in the given time
interval. If 4 p11 is the window size (max number of pixels) then we can only
check every pixel if
4pp11 < 
If this condition does not hold then we must process at a lower resolution (subsample). We nd n such that
1 4pp < 
(9)
2n 11
i.e.
4 pp
n = dlog2  11 e
(10)
where d e denotes the ceiling function and we adjust r accordingly (will increase
by a factor of 2n ). Note that we could have used an arbitrary scaling factor
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Fig. 3. Graphs showing the time delay (k ) for variation in system parameters. The

plots show the e ect of increasing (a) initial positional covariance, Po , (b) computation
time, , (c) measurement noise, r, and (d) system noise, q. The default values for
parameters used are P11 (0) = 25pixel2 , R = 1pixel2 , Q = 1(pixel=sec)2 , and =
0:01sec=pixel.
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instead of 21n , however vision hardware often supports sub-sampling by factors
of 2.
Using the above criteria (equation (9)) to set the value of rk , one must then
solve the di erence equations (8):
,

ak+1 = a +1 r rk ak + 2rk bk + 2 (ck (ak + rk ) , b2k ) + q11k
k k
,
,

bk+1 = a +1 r rk bk +  ck (ak + rk ) , b2k + q12k

k

k

,

ck+1 = a +1 r ck (ak + rk ) , b2k + q22k
k k

Figure 3 showed various divergent behavior for certain combinations of parameters. Given a xed delay of 0:05s, these unstable systems can be stabilized
by controlling the resolution of the ROI. The positional covariance (and hence
the time delay) in gure 3 (b) and gure 4 (b) diverged. Figure 5 shows these
same dynamical system parameters, however the resolution is determined as
described above. The positional covariance converges to steady state.

6 Linear Dynamics - Simple Experiments
In this section rather than solve the di erence equations for the positional covariance, we perform resolution control during tracking: that is, we actively modify
the resolution of the image processed to ensure that the time delay does not
diverge. To utilize the methods developed, we consider simple systems that can
again be described by linear time-invariant dynamical systems. Suppose we have
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Fig. 5. (a) The parameters used in gure 4(b) caused the covariance (and hence the

time delay) to diverge. For xed time step, using the same parameters but incorporating resolution control we show a convergent positional covariance. The resolution
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a circular track on the ground plane described by the path

p((t)) = (r cos((t)); r sin((t)) = (r cos(!t + o ); r sin(!t + o )
with po = (r; 0) and where (t) = !t + o .

If we are viewing the motion with an overhead camera, the image of the
track will also be a circular path3 . We can view all of the track within the eld
of view and the path in the image is a circle centered at pixel (uc ; vc ) with radius
. The image path is described by
(u(t); v(t)) = (uc +  cos (t); vc +  sin (t))
where

(t) = (t) + o

(the angular measure in the image and on the circular path may be o set by a
xed amount o ). The target centroid is located at pixel (^u; v^) Assuming that
the actual target location is on the path, and we project this detected location
to the closest path point, we have a measurement of  of the form:


^ = tan,1 v^ , vc
u^ , uc
The accuracy of the estimated angle depends on the accuracy of the calibrated terms (center of path), and on the accuracy of the extracted target
3 We comment later on how to relax this assumption

14
^ v)
^
(u,
^φ
(uc, vc)

Fig. 6. Measurement of target position in the image. Example of object tracked while
moving along a circular path.

location (^u; v^) A sensitivity analysis of the computation of ^ yields
(^v , vc )d(^u , uc)
^ = (^u , uc )d(^v(^v,,vv)c2) +, (^
u , uc )2
c
and assuming that the center has been calibrated with high accuracy
^ = (^v , v )2 +1 (^u , u )2 ((^u , uc)v^ , (^v , vc )u^) :
c
c
If the target is close to the path then (^v , vc )2 + (^u , uc)2  2 so we have
^ = 1 ((^u , u )v^ , (^v , v )u^)
c

2

c

Assuming a Gaussian distribution for the target location with E [^u] = uT , E [^v] =
vT where (uT ; vT ) is the actual target location in the image. E [u^2 ] = u2 and
E [v^2 ] = v2 depend on the target geometry and image resolution. For symmetric
targets and image sampling we can assume u2 = v2 = 2 (i.e. the uncertainty in
image target centroid computation) and thus the covariance of the measurement
is given by
,

2 = E [^2 ] = 1 (u , u )2 2 + (v , v )2 2


4

T

c

v

T

c

u

2
,

= 14 (uT , uc )2 + (vT , vc )2 2 = 2

From this we see that it is desirable to have the image of the circular path
as large as possible in the eld of view (maximize ). Note, in practice,  is
function of the ratio of two Gaussian random variables. The true distribution
will be a Cauchy distribution [7, 9]. The Gaussian assumption for errors in  is
only approximate.
The examples given in gure 7 show a system with slow processing. The time
delays increase and eventually the tracking is unstable. Figure 8 shows tracking
of the same dynamic system using xed time intervals and resolution control.
By sub-sampling the ROI the resolution of processing is controlled to stabilize
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Fig. 7. Estimated position of target with dashed lines showing the position covariance.

Right hand side shows doubled processing time. (Initial speed is 33 RPM, system noise
is N [0; 0:04rad=s2 ]).
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Fig. 8. (a) The covariance for target position shown for full search and sub-sampling.

Even with sub-sampling the covariance can grow monotonically. (b) Graph comparing
target position covariance for a fast algorithm, a slow algorithm with no resolution
control and a slow algorithm using resolution control. Notice that the slow algorithm
with resolution control reaches a \steady state" (it oscillates between two covariance
values). The \steady-state" covariance is larger than the equivalent dynamic system
with fast processing.
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Fig. 9. Comparison of resolution control for two di erent sub-sampling factors. The
dashed line shows tracking at close to full resolution, the solid line shows tracking with
50% resolution

the tracking. Thus in order to process the images as they arrive (say at 30 Hz)
the either the ROI size must be adjusted (risking tracking failure) or the ROI
must be sub-sampled. Figure 9 shows the resulting positional covariance for two
di erent measurement resolutions. Lower resolution can facilitate or stabilize
tracking, at the loss of accuracy of the tracking system.
In steady state in both gure 8 and 9, the positional covariance oscillates between two values. The size of the covariance determines the resolution to use. For
particular values of system parameters, the resolution factor n in equation (10)
can jump between two values.

6.1 Extensions to other Motion
The examples presented were simple to demonstrate feasibility of actively controlling resolution. There are some simple extensions to the dynamic systems
presented.
It is simple to extend the circular motion to a non-fronto parallel camera. If
the camera is not directly overhead, but views the ground plane at an oblique
angle, the image of the circular path will be an ellipse centered at pixel (uc ; vc )
with major and minor axes of length a and b. On rotated coordinates we have
(u0 (t); v0 (t)) = (u0c + a cos (t); vc0 + b sin (t))
which in the image are






u(t) = cos , sin
v(t)
sin cos



u0 (t)
v0 (t)
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The target centroid is located at pixel (^u; v^) Assuming that the actual target
location is on the path, and we project this detected location to the closest path
point, we have a measurement of  of the form:


^ = tan,1 a(^v , vc )
b(^u , uc)
and
(t) = (t) + o
The measured angle provides an estimate of the actual angle given that the path
has been calibrated within the image.

Viewing motion on known paths For object motion along known paths,

often a linear time-invariant dynamical system can be used to describe the motion (for example, vehicle motion along roads). The path can be determined a
priori by calibration or from known \maps" (for motion along roads). A special case is motion on the ground plane. The mapping of the ground plane to
the image plane is a collineation (or projectivity) In homogeneous coordinates,
points on the ground plane (x; y; 1) are mapped to points on the image (u; v; s)
by a 3x3 matrix, known up to a scale [5]. The coecients of this matrix can be
determined using calibration techniques. The path can be described by a curve
(parameterized by arc-length) p(s) = [x(s); y(s)]T , we can formulate the state as
S (t) = [s(t); s_(t); s(t)]T and then dynamics (up to 2nd order) along the path are
thus described by the simple linear system used earlier (2nd order integrator).
Thus if the path geometry is known, or available from prior computation
or calibration, the dynamic system formulation of motion along that path can
still be described by a linear system. The measurement, however, involves a
non-linear mapping from the path to the image.

7 Discussion
While we have demonstrated that active control of resolution can yield stable
tracking performance, the situations where we have applied it are very simple.
Generally some form of calibration must be performed to enable the motion to
be described by a linear system. We monitor the size of the covariance and/or
the delay time to assess the performance of the tracking system (and determine
whether to employ resolution control). Other metrics, such as the Fisher Information matrix are being considered for possible use in assessing tracking performance. Without control of the ROI size (and resolution of processing within the
ROI), one cannot guarantee stability of the tracking systems. Previous tracking systems have intuitively followed these bounds. We have tried to quantify
the relationships between the system parameters and tracking performance. Future work aims to provide a mechanism to evaluate tracking performance online. Monitoring either the condition number of the information matrix or the
sequence of delay times between measurements allows the tracker to perform
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on-line modi cation of resolution to maintain stability. Currently the positional
covariance size is used to instantiate resolution control. This method works as
long as the modi ed resolution does not e ect the target recognition process.
We implicitly assumed that the target was still recognizable at the computed
resolution. If the resolution employed is \larger" than the target, tracking will
fail.
We have presented dynamical systems which can be described with simple
linear models. Certain examples, (e.g. motion of vehicles along curvilinear paths)
produce motion which is highly non-linear in the image, yet the tracking can be
formulated with a linear system. While the linear dynamic system may seem
restrictive, the ability to separate path geometry from path dynamics enables
tracking of complex motion such as vehicles on known roads and landmark tracking for navigation. Many tracking applications can t within this framework.
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A. 1D Analytic Results
We present a 1D example analytically. The following example follows closely
from that given in [18]). The one dimensional linear system:

dx = axdt + dw ; E [dw2 ] = 2 dt
y(tk ) = x(tk ) + v ; v(tk )  N [0; Rk ]

(11)
(12)

For this scalar system equation 6 is

,

2 
P (t,k+1 ) = e2a(tk+1 ,tk ) P (,tk )Rk + 2a e2a(tk+1 ,tk ) , 1
(13)
P (tk ) + Rk
This general form of P (t,k+1 ) can be shown to grow for particular dynamics and

measurement noise. Note that if





R
tk+1 , tk > 21a log P +
R
(where we abbreviate P = P (t+k ) and R = R(tk )) then




2
PR

PR
P
+
R
,
P (tk+1 ) > R P + R + 2a R , 1


2
2
= P (t,k ) 1 + 2aR , 2a


2
2
2
= P (t,k ) 1 + 4aR + P (t,k ) 4aR , 2a


2
> P (t,k ) 1 + 4aR for P (t,k ) > max[2R; a]

Hence the covariance grows at a rate greater than unity.
If we choose the resolution to be some fraction of the covariance, R = P ,
where << 1 then equation 13 becomes

2 
P (t,k+1 ) = e2a(tk+1 ,tk ) 1 + P (t,k ) + 2a e2a(tk+1 ,tk ) , 1

and the covariance evolves as a geometric sequence

P (t,k+1 ) = P (t,k ) + :

For < 1 the covariance decreases and hence the target can be tracked. The
expression
< 1 or e2a(tk+1 ,tk ) 1 + < 1

makes explicit the trade o between the sample interval (tk+1 ,tk ), the resolution
sub-sampling , and the system dynamics, a. If the system is suciently slow
for the time scale used then we can pick a resolution to ensure tracking.

